Abstract. In this paper we study weighted versions of Fourier algebras of compact quantum groups. We focus on the spectral aspects of these Banach algebras in two different ways. We first investigate their Gelfand spectrum, which shows a connection to the maximal classical closed subgroup and its complexification. Secondly, we study specific finite dimensional representations coming from the complexification of the underlying quantum group. We demonstrate that the weighted Fourier algebras can detect the complexification structure in the special case of SUqp2q, whose complexification is the quantum Lorentz group SLqp2, Cq.
Introduction
For a locally compact group G one can associate a commutative Banach algebra ApGq called the Fourier algebra. As a Banach space ApGq is the (unique) predual of V N pGq the group von Neumann algebra of G and there is a natural inclusion ApGq ãÑ C 0 pGq, where the algebra multiplication on C 0 pGq, i.e. the pointwise multiplication, is inherited to ApGq. The Fourier algebra ApGq contains enough information to determine the underlying group G. In particular, we have the Gelfand spectrum Spec ApGq -G as topological spaces. Recently, there have been several studies on the weighted versions of Fourier algebras ( [10, 16, 17] ) under the name of Beurling-Fourier algebras. Especially, [17] deals with the spectral theory of Beurling-Fourier algebras on compact groups. For a compact group G a function w : IrrpGq Ñ p0, 8q is called a weight if ApG, wq given by ApG, wq :" tf P CpGq| ||f || ApG,wq :" ÿ sPIrrpGq n s wpsq|| p f psq|| 1 ă 8u,
where n s refers to the dimension of the representation s, ||X|| 1 is the trace norm of a square matrix X and p f psq is the Fourier coefficient of f at s given by p f psq " ş G f pgqspgqdg, wheres is the conjugate representation of s. It has been shown that ApG, wq is still a commutative Banach algebra under the pointwise multiplication. It is natural to be interested in the Gelfand spectrum SpecApG, wq and it has been proved to be closely related to the complexification of G ( [17] ). This connection is based on the fact that PolpGq, the algebra of coefficient functions of irreducible unitary representations of G, is sitting densely inside of ApG, wq regardless of the choice of w. Then, we have Spec ApG, wq Ď Spec PolpGq, the set of all non-zero multiplicative functionals on PolpGq. The latter object Spec PolpGq can be regarded as a subset of the algebraic dual PolpGq : , which allows us a natural locally compact group structure. In [18] K. McKennon defined Spec PolpGq to be an abstract complexification of G, which we denote by G C , following the same construction of a universal complexification model for a compact connected Lie group G by Chevalley ( [4, III. 8 
]).
From the above discussion we could argue that Spec ApG, wq is always realized inside of the complexification of G. Moreover, in many cases, their union becomes the whole complexification. For example, we consider an abelian example of G " T and w β : Z Ñ p0, 8q, n Þ Ñ β |n| , β ě 1. Then it is well-known ([13, Proposition 2.8.8]) that SpecApT, w β q " tc P C : 1 β ď |c| ď βu, so that we have ď βě1
SpecApT, w β q " C˚" T C .
The simplest non-abelian example would be G " SU p2q with w β : IrrpSU p2qq " SpecApSU p2q, w β q " SL 2 pCq " SU p2q C .
In this paper we would like to continue the above line of research in the quantum context. For a compact quantum group G we will first define BeurlingFourier algebras ApG, wq extending the case of compact groups. Since the resulting Banach algebra ApG, wq is non-commutative in general we have two possible directions to pursue. First, we can directly follow the classical situation by investigating the Gelfand spectrum SpecApG, wq. It turns out that SpecApG, wq contains the information about the complexification of the maximal classical closed subgroup of G. One of the main differences here is that the algebra ApG, wq is in general non-commutative whilst ApG, wq is always commutative. It is quite natural to expect that the Gelfand spectrum of noncommutative Banach algebra will provide only a limited amount of information. This limitation leads us to look for other aspects of ApG, wq. Let us go back to the classical situation of a compact Lie group G. We already know that Spec PolpGq -G C -Spec C 0 pG C q as locally compact spaces. Note further that the Gelfand spectrum Spec C 0 pG C q is the same as the C˚-algebra spectrum sp C 0 pG C q, which is the set of equivalence classes of all irreducible˚-representation π : C 0 pG C q Ñ BpHq for some Hilbert space H equipped with the canonical topology. The latter provides us a possible quantum extension of the story. More precisely, we begin with an irreducible˚-representation π : C 0 pG C q Ñ BpHq then H must be 1-dimensional and there is a point x P G C such that π " ϕ x , the evaluation functional on C 0 pG C q at x. The functional ϕ x can be transferred to the setting of HpG C q, the space of holomorphic functions on G C and from the standard Lie theory it is well-known that PolpGq can be embedded in HpG C q in a canonical way. We would like to repeat the same procedure in the quantum setting, namely, we consider the complexification of the compact quantum group G. It is commonly believed that the Drinfeld-double construction gives us an object we should regard as the complexification in many genuine quantum group cases, but we will focus on the most well-understood example of SL q p2, Cq, which is the complexification of SU q p2q,´1 ă q ‰ 0 ă 1. This paper is organized as follows. In section 2 we collect basic material we need in this paper including the definition of SL q p2, Cq and the Iwasawa decomposition. In section 3 we define Beurling-Fourier algebras on compact quantum groups using central weights. In section 4 we investigate the Gelfand spectrum of the Beurling-Fourier algebras on compact quantum groups and clarify its connection to the complexification of the maximal classical closed subgroup. In the final section 5 we will consider a certain family of irreducible˚-representations on C 0 pSL q p2, Cqq and classify them according to their (complete) boundedness on Beurling-Fourier algebras.
Preliminaries

2.1.
Compact quantum groups. In this paper b refers to the minimal tensor product of C˚-algebras and operator spaces, whilst d implies the algebraic tensor product.
Recall that a compact quantum group G is a pair pCpGq, ∆q, where CpGq is a unital C˚-algebra considered as the algebra of continuous functions on G and ∆ : CpGq Ñ CpGq b CpGq is a unital, injective˚-homomorphism which is coassociative, i.e. p∆ b idq˝∆ " pid b ∆q˝∆ and
In this case there exists a unique state h P CpGq˚called the Haar state such that for all a P CpGq ph b idq˝∆paq " pid b hq˝∆paq " hpaq1.
An element u " pu kl q 1ďk,lďn P M n pCpGqq " M n b CpGq is called an ndimensional representation of G if we have
A representation u is said to be unitary, if u is unitary, and irreducible, if the only matrices T P M n with T u " uT are multiples of the identity matrix. Two unitary representations u, v P M n pCpGqq are called (unitarily) equivalent (we write u -v), if there exists a unitary matrix U P M n pCq such that U u " v U . For two representations u P M n pCpGqq, v P M m pCpGqq we have the concept of their direct sum u ' v P pM n ' M m q b CpGq Ď M n`m pCpGqq. It is wellknown that any finite demensional representation is decomposed into a direct sum of irreducible representations. If u is an irreducible unitary representation appearing in the decomposition of another v, then we denote it by
We also define their tensor product u J v by
following the leg notation. We recall a related notation u K v. Let u P M n pAq and v P M n pBq for some C˚-algebras A and B. Then, we define
For A P M n pBpHqq, B P M n pBpKqq, C P M m pBpHqq and D P M m pBpKqq we clearly have
An important feature of compact quantum groups is the existence of the dense˚-subalgebra PolpGq, which is in fact a Hopf˚-algebra with the coproduct ∆| PolpGq -so for example ∆ : PolpGq Ñ PolpGq d PolpGq. Fix a complete family pu pssPIrrpGq of mutually inequivalent irreducible unitary representations of G, A compact quantum group always allows the reduced and the universal versions C r pGq and C u pGq as follows. Let π : CpGq Ñ BpL 2 pGqq be the GNS representation of CpGq with respect to the Haar state h. Then C r pGq is given by πpCpGqq Ď BpL 2 pGqq. The universal version C u pGq is the C˚-algebra completion of PolpGq with respect the C˚-norm ||¨|| u given by
where the supremum runs over all unital˚-homomorphism π : PolpGq Ñ BpHq for some Hilbert space H. Both of the versions are equipped with natural compact quantum group structures with the transferred co-multiplications ∆ r and ∆ u . From the universality of C u pGq we have a natural onto˚-homomorphism ρ : C u pGq Ñ C r pGq extending the identity map on PolpGq. We call G coamenable if the map ρ is injective. Note that a classical compact group G is always co-amenable.
2.2.
Discrete quantum groups and the Fourier algebra of compact quantum groups. From a compact quantum group G we can associate its discrete dual quantum group p G. We begin with the C˚-algebra c 0 p p Gq and the von Neumann algebra ℓ 8 p p
Gq " V N pGq given by
There is a natural co-multiplication p ∆ :
where U " ' sPIrrpGq u psq is the multiplicative unitary in M pc 0 p p Gq b CpGqq. The algebra ℓ 8 p p
Gq is equipped with the left and the right Haar weight p h L and p h R given by
for X " pX s q sPIrrpGq P c 00 p p Gq, where c 00 p p Gq is the subalgebra of c 0 p p Gq consisting of finitely supported elements.
The latter algebra c 00 p p Gq can be identified with PolpGq through the following Fourier transform on p G:
We can easily check that
psq lk and so that F is a bijection. The algebraic dual PolpGq : is naturally equipped with the structure of a multiplier Hopf˚-algebra in the sense of Van Daele [23] , dual to the one of PolpGq. The Fourier transform F transfers the algebra structure of PolpGq : to ś sPIrrpGq M ns " c 00 p p Gq : , which is coming from the coalgebra structure of PolpGq. More precisely, for any X, Y P ś sPIrrpGq M ns and a P PolpGq we have
Indeed, for a " u psq kl we can actually check that both of the above sides become ř ns j"1 pX s q kj pY s q jl by recalling (2.3). The predual ℓ 1 p p Gq " ApGq of ℓ 8 p p Gq " V N pGq is equipped with the algebra multiplication given by the preadjoint map p ∆˚. We call pApGq, p ∆˚q the Fourier algebra on G. We have a natural embedding of c 00 p p Gq into ApGq:
The Fourier transform can be extended from c 00 p p Gq to ApGq,
where we use the same symbol by abuse of notation. Note that F is an injective homomorphism and the norm structure on ApGq is given by the duality pApGq, V N pGqq. Thus, for the element X¨p h R P ApGq with X " pX s q P c 00 p p Gq we get the concrete norm formula as follows.
where S 1 m refers to the trace class operators acting on ℓ 2 m . The Fourier transform F also transfers the˚-structure on PolpGq into c 00 p p Gq Ď ApGq. Indeed, for X P c 00 p p Gq we define X ‹ given by FpX ‹ q " FpXq˚. Then from the fact that p p S b idqU˚" U we can easily check that
In this article we are often interested in a homomorphism ϕ : PolpGq Ñ BpHq for some Hilbert space H and its transferred versioñ
The mapφ can be understood as an element of v " v ϕ P ś sPIrrpGq pM ns bBpHqq, which is given by v " pid b ϕqU or equivalently v " pv pssPIrrpGq with v psq " pid b ϕqpu psq q.
Indeed, for ψ P PolpGq we have
From this identification we can easily observe thatφ extends to a completely bounded map from ApGq if and only if v P V N pGqbBpHq with
which we will frequently use later in the weighted context.
Closed quantum subgroups.
A compact quantum group H is a closed quantum subgroup of another compact quantum group G if there is a surjective -homomorphism R H : PolpGq Ñ PolpHq such that ∆ H˝RH " pR H b R H q˝∆ G , where ∆ H and ∆ G are the corresponding co-multiplications. In this case there is a uniquely determined normal unital˚-homomorphism
2.4.
Quantum double, SL q p2, Cq and the Iwasawa decomposition. In this subsection we provide a summary of [20, 26] which we will need in this paper.
For a compact quantum group G we construct the quantum double G ✶ p G as follows. The associated C˚-algebra is given by C 0 pG ✶ p Gq :" CpGq b c 0 p p Gq with the co-multiplication
where Σ U is the˚-isomorphism given by
The left (and right) Haar weight on C 0 pG ✶ p Gq is given by h b p h R . We denote the quantum double G ✶ p G shortly by G C when G " G q , the Drinfeld-Jimbo q-deformation of a compact, semi-simple and simply connected Lie group G. We are interested in the C˚-algebra spectrum sp C 0 pG C q, i.e., the equivalence classes of *-representations of C 0 pG C q. We know that
Gq is a direct sum of matrix algebras. We remark that the above C˚-algebra spectra are known, namely sp CpGq ( [21] ) and sp c 0 p p Gq -IrrpGq ( [15] ). It will turn out that the former information is not needed for us, but the latter information will be crucial. Moreover, the latter identification has been concretely established in [20] in the case of G " SU q p2q,´1 ă q ‰ 0 ă 1, which we describe below.
The C˚-algebra CpSU q p2qq is the universal C˚-algebra with the two generators a q and c q satisfying the commutation relations which make¨a q´q cq c q aq‚ unitary, i.e., aq a q`cq c q " I " a q aq`q 2 cq c q , cq c q " c q cq , a q c q " qc q a q , a q cq " qcq a q .
Moreover, the co-multiplication is determined by
The representation theory of SU q p2q is well-known. We have
Moreover, we have the following fusion rule:
with u p0q " 1 being the trivial representation. See [25] for more details.
2.4.1. SL q p2, Cq, SU q p2q and AN q -matrices. Now we continue with the details of the complexification SU q p2q C " SU q p2q ✶ { SU q p2q, which is called the quantum Lorentz group SL q p2, Cq. It is natural to expect to have generators of the C˚-algebra C 0 pSL q p2, Cqq similar to the coordinate functions on SLp2, Cq. For that purpose the authors of [20] introduced the concept of a SL q p2, Cq-matrix 
ab " qba, ac " qca, ad´qbc " I, bc " cb, bd " qdb, cd " qdc, ca˚" qa˚c, da˚" a˚d, da´q´1bc " I, cb˚" b˚c, dc˚" q´1c˚d, cc˚" c˚c, ba˚" q´1a˚b`q´1p1´q 2 qc˚d, db˚" qb˚d´qp1´q 2 qa˚c, aa˚" a˚a`p1´q 2 qc˚c, dd˚" d˚d´p1´q 2 qc˚c, bb˚" b˚b`p1´q 2 qpd˚d´a˚aq´p1´q 2 q 2 c˚c.
When A is a unitary, then the matrix is of the form » -a´qcc a˚fi fl and the list of relations collapses down to the ones of the generators a q and c q of SU q p2q, namely, a˚a`c˚c " I " aa˚`q 2 c˚c, c˚c " cc˚, ac " qca, ac˚" qc˚a, so that we call it a SU q p2q-matrix. When A has a zero term in the p2, 1q-entry, then it is of the form » -a n 0 a´1 fi fl and the list of relations collapses down to the following.
aa˚" a˚a, an " qna, na˚" q´1a˚n, nn˚" n˚n`p1´q 2 qppa˚aq´1´a˚aq.
We call A an AN q -matrix, if in addition spec a Ď S q , where the set S q is given by
In the proof of [20, A s :"
fi fl for some s P 1 2 Z`. We will prove later that
and the following four (unbounded) elements
The elements a d and n d are affiliated to the C˚-algebra c 0 p { SU q p2qq and the elements α, β, γ, δ are affiliated to C 0 pSL q p2, Cqq. Recall that the concept of "affiliated element" of a C˚-algebra has been introduced in [26] . We write bηB when an element b is affiliated with a C˚-algebra B. In the particular case of B " c 0 -' αPI B α for unital C˚-algebras B α we actually have that bηB if and only if b " pb α q αPI with b α P B α for all α P I. Note that the set of all elements affiliated to the above A allows a natural˚-algebra structure. Note also that anẙ -representation between C˚-algebras can be uniquely extended to affiliated elements. The elements a d , n d and α, β, γ, δ generate the C˚-algebras c 0 p { SU q p2qq and C 0 pSL q p2, Cqq, respectively, and they play a role of universal model in the Hilbert space H there is a unique˚-homomorphism π : C 0 pSL q p2, Cqq Ñ BpHq such that πpαq " a, πpβq " b, πpγq " c and πpδq " d. We would like to record the last observation as follows. The Iwasawa decomposition allows us a further correspondence as follows. Let A be a SL q p2, Cq-matrix acting on a Hilbert space H with the Iwasawa decomposition
Proposition 2.3. We have the identification
via the mapping A Þ Ñ pA c , A d q. Moreover, we have
We end this subsection with a discussion how we get a homomorphism ϕ " ϕ A from PolpSU q p2qq into BpHq out of a˚-homomorphism from C 0 pSL q p2, Cqq into BpHq.
Let π " π A : C 0 pSL q p2, Cqq Ñ BpHq be the associated˚-homomorphism. Let A be the˚-algebra of all elements affiliated to C 0 pSL q p2, Cqq and A hol be the subalgebra of A generated by α, β, γ, δ. Then by [20, Proposition 6 .1] we have the following linear multiplicative bijection.
such that Qpαq " a q , Qpβq "´qcq , Qpγq " c q and Qpδq " aq . This allows us a homomorphism ϕ " ϕ A from PolpSU q p2qq into BpHq as follows.
where π A denotes the extended˚-homomorphism. Note that it is straightforward to check that the extended˚-homomorphism π A is unital. Now we repeat the construction of the homomorphisms ϕ c " ϕ Ac and ϕ d " ϕ A d using the fact that A c and A d are also SL q p2, Cq-matrices. Moreover, we get the associated elements (as in Section 2.2)
respectively. Note that we can easily check ϕ c extends to a˚-homomorphism from CpSU q p2qq into BpHq.
The Beurling-Fourier algebra of a compact quantum group
We would like to consider a weighted version of ApGq following the construction for compact groups, which begins with the following understanding of the coproduct on V N pGq.
Moreover, the unitary matrix for the above equivalence is the same as the one in the decomposition of u pt 1 q J u pt 2 q .
Proof. [8, Proposition 4.3]
The above Proposition enables us to proceed just as in the compact group case ( [16, 17] ), so that we define the (central) weights as follows.
Definition 3.2. We call w : IrrpGq Ñ p0, 8q a weight on the dual of G if it satisfies
wpsq ď wptqwpt 1 q whenever u psq Ď u ptq J u pt 1 q . We assume in addition the weight w to be bounded below, i.e. there is δ ą 0 such that wpsq ě δ for all s P IrrpGq.
The weights give rise to weighted versions ApG, wq and V N pG, w´1q of the spaces ApGq and V N pGq. We begin with V N pG, w´1q given by
where ||Y || V N pG,w´1q :" sup sPIrrpGq wpsq´1¨||Y s || Mn s . We let W " pwpsqI s q sPIrrpGq P ś sPIrrpGq M ns be the operator associated to the weight w and define the natural isometry Φ : V N pGq Ñ V N pG, w´1q, X " pX s q Þ Ñ XW " pwpsqX s q.
We now define the weighted space ApG, wq to be the unique predual of V N pG, w´1q. By recalling the embedding c 00 p p Gq ãÑ ApGq, X Þ Ñ X¨p h R we can easily check that for any X " pX s q P c 00 p p Gq we have
By density we can see that the above formula extends to general elements in ApG, wq, so that we have
The condition w being bounded below tells us the inclusion ApG, wq Ď ApGq. We equip V N pG, w´1q with the operator space structure making the above map Φ a complete isometry, so that the predual ApG, wq " V N pG, w´1q˚also has a natural operator space structure. Now Proposition 3.1 implies that (3.1) is equivalent to || p ∆pW qpW´1 b W´1q|| 8 ď 1, so that we have a normal complete contractioñ
Equivalently, we have a normal complete contraction
Here we use the extended co-multiplication
which is guaranteed by Proposition 3.1. Thus, for a weight w : IrrpGq Ñ p0, 8q on the dual of G the space pApG, wq, p ∆˚q becomes a completely contractive Banach algebra. Definition 3.3. For a weight w on the dual of G we call pApG, wq, p ∆˚q a (central) Beurling-Fourier algebra on G.
The following are examples of weights. Example 1. Let G be a quantum group such that IrrpGq is finitely generated and let τ be the word length function τ associated to a fixed finite generating set.
(1) For α ě 0 we define the polynomially growing weights w α given by w α psq :" p1`τ psqq α , s P IrrpGq.
(2) For β ě 1 we define the exponentially growing weights w β given by w β psq :" β τ psq , s P IrrpGq.
The weights defined are bounded below by one, so we have ApG, wq Ď ApGq. Proof. Clear from the definitions.
The Gelfand spectrum of Beurling-Fourier algebra and complexification
We begin with the first scenario, namely investigating the Gelfand spectrum of the Beurling-Fourier algebra ApG, wq. We expect a connection with some complexification of G, which we describe below. Definition 4.1. We define r G to be the Gelfand spectrum Spec ApGq of the Banach algebra ApGq, i.e. the space of all non-zero homomorphisms from ApGq to C, and r G C to be Spec PolpGq, the space of all non-zero homomorphisms from the algebra PolpGq to C.
Note that for a noncommutative C˚-algebra A, its Gelfand spectrum Spec A " tcharacters on Au is only a subset of its C˚-algebraic spectrum sp A " tirred. *-representations of A modulo equivalenceu.
Remark 4.2.
(1) In other words, we can write r G " tX P V N pGq : p ∆pXq " X b X, X ‰ 0u G is a compact group, which is a maximal classical closed quantum subgroup of G in the sense that for any classical closed quantum subgroup H of G we have an injective group homomorphism from H into r G.
Proof. We recall that the group r G is equipped with weak˚-topology inherited from V N pGq " ApGq˚.
We first check that r G is compact. Let pX i q iPI be a net in r G. Since each X i is a unitary the Alaoglu theorem gives us a subnet pX j q of pX i q iPI such that X j Ñ X P V N pGq in the weak˚-topology. It is clear that we have p ∆pXq " X b X. Thus, it is enough to check that X ‰ 0 to see that X P r G. Indeed, for the unit 1 0 of the algebra ApGq we have xY, f y " xY, f˚1 0 y " xY, f y¨xY, 1 0 y for any Y P r G and f P ApGq, which clearly implies that xY, 1 0 y " 1 and consequently xX, 1 0 y " 1 and X ‰ 0.
Secondly, we show that r G is actually a quantum closed subgroup of G. Indeed, it is enough to consider the following˚-homomorphism.
Gq, a Þ Ñ πpaq with πpaqpY q " θ Y paq, where θ Y : C u pGq Ñ C is the˚-homomorphism extended from the˚-homomorphism Θ : c 00 p p Gq Ñ C, X Þ Ñ xX¨p h R , Y y by the universality of C u pGq. Indeed, we have ΘpX ‹ q " xp p h R¨X˚q˝p S, Y y " p h R pX˚p SpY" p h R pX˚Y˚q " xX¨p h R , Y y, where we used the fact that p SpY q " Y˚since p ∆pY q " Y b Y . The surjectivity of π can be obtained by the fact that πpc 00 p p Gqq -c 00 p p Gq| r G and the Stone-Weierstrass theorem. The equality pπbπq˝∆ u G " ∆ r
G˝π
on PolpGq is direct from (2.4) and we can apply density and continuity for the whole algebra C u pGq.
For the last statement we consider a classical closed quantum subgroup H of G. Then we have the˚-homomorphism ι : V N pHq Ñ V N pGq. For h P H we have λ H phq P V N pHq satisfying p ∆ H pλ H phqq " λ H phq b λ H phq. Thus, we have ιpλ H phqq is a group-like element in V N pGq. Finally, we have H Ñ r G, h Þ Ñ ιpλ H phqq is the injective homomorphism we wanted.
In [18] K. McKennon developed an abstract Lie theory, which can be applied to general, possibly non-Lie, compact groups. Recall that if G is a compact group, then the Tannaka-Krein duality ( [11, (30.5) ]) tells us that
Motivated from this McKennon defined G C , g C and g as follows.
g :" tx P g C : x "´x˚u It has been shown ( [5, Proposition 3] ) that x P g C (resp. g) if and only if e tx P G C (resp. G) for all t P R. Moreover, we have a Cartan type decomposition ([18, Corollary 1, Theorem 3])
Theorem 4.4. The group r G C is isomorphic to the abstract complexification p r Gq C of r G.
Proof. Since r G is a closed quantum subgroup of G we can consider the associated embedding ι : V N p r Gq Ñ V N pGq as in (2.6). We will show that the embedding ι induces the expected group isomorphism.
We first establish a Cartan type decomposition for r G C using a standard argument. We pick any X P r G C , then the polar decomposition X " U |X| also satisfies that U, |X| P r G C . Since U is unitary we actually have U " ιpuq for some unitary u P V N p r Gq such that p ∆ r G puq " u b u. From the result of [7] we know that u " λ r G pxq for some x P r G. Moreover, for any z P C we have p ∆ G |X| z " |X| z b |X| z by functional calculus. In particular, p ∆ G |X| it " |X| it b |X| it for all t P R, which means that we have a 1-parameter closed subgroup of r G. Thus, we have an element y in the abstract Lie algebra r g of r G such that |X| it " e´t ιpyq " ιpe´t y q. By the uniqueness of analytic functions we have |X| z " e izιpyq for any z P C. For z " 1 we get |X| " e iιpyq " ιpe iy q. Consequently, we have X " U |X| " ιpu¨e iy q.
The above identity actually tells us that the embedding ι gives rise to a group isomorphism u¨e iy P p r Gq C Þ Ñ X P r G C . 
4.1.
The case of free orthogonal quantum group OF . We recall the definition of the universal (or free) orthogonal compact quantum group OF from [22] for F P GL n pCq with FF "˘I. The C˚-algebra CpOF q is the universal C˚-algebra with the generators U " pu ij q n i,j"1 satisfying the relations (4.1)
where U " pui j q n i,j"1 , so that we clearly have CpOF q " C u pOF q. The comultiplication on CpOF q is determined by ∆pu ij q " ř n k"1 u ik bu kj , 1 ď i, j ď n. The fusion rule for OF is the same as the one of SU p2q ([1]), which means that IrrpA o pF"
Note that IrrpA o pFis singly generated by u p1{2q and the above fusion rule tells us that the corresponding word length function τ is given by
which is different from the classical dimension n s in general. The classical dimension is given by n s " U s pnq, where pU s q ně0 denotes the Chebyshev polynomials of the second kind. The word length function w.r.t. S " tu p1{2q u is τ psq " 2s.
Theorem 4.6. Let β ě 1. We have Ć pOF q C -tV P GL n pCq : V F V t " F u and for the exponential weight w β on the dual of CpOF q as in Example 1 we have SpecApOF , w β q " tV P GL n pCq : V F V t " F, ||V || 8 ď βu.
Proof. A non-zero character ϕ : PolpOF q Ñ C is determined by two matrices V " pϕpu ijn i,j"1 and W " pϕpuj in i,j"1 in M n . It is easy to see that (4.1) implies that V and W satisfy (4.2)
where W t refers to the transpose of W . Conversely, for any matrices V and W satisfying (4.2) defines a non-zero character ϕ : PolpOF q Ñ C. Since W " V´1 this gives the first assertion.
For the second statement we note that the fusion rule is preserved by the character ϕ, so that for any s P 1 2 Z`with s ě 1{2 we get
Z`M ns is the element corresponding to ϕ. Thus, we have the following recurrence relation for the sequence of the norms ||v psq || 8 .
From (4.2) we have ||F || 8 ď ||V || 8¨| |F || 8¨| |V t || 8 , which means that
Thus, a simple induction tells us that
which gives us the conclusion we wanted.
Remark 4.7. As in the classical case we can see that ď βě1
Spec ApOF , w β q -Ć pOF q C .
When F "
fl we get OF -SU q p2q as compact quantum groups.
We would like to transfer the above result to the setting of SU q p2q for later use. Let ϕ : PolpSU q p2qq Ñ C be a non-zero character. By examining the commutation relations it is straightforward to check that ϕpc" ϕpc" 0 and ϕpa" ρ P Czt0u.
Thus, we get
Theorem 4.8. We have Č SU q p2q C -Czt0u and for the exponential weight w β on the dual of SU q p2q as in Example 1 we have Spec ApSU q p2q, w β q -tρ P Czt0u :
4.2.
The case of free unitary quantum group UF . We recall the definition of the compact quantum group UF from [2] for F P GL n pCq. The C˚-algebra CpUF q is the universal C˚-algebra with the generators U " pu ij q n i,j"1 satisfying the relations (4.3)
where U t " pu ji q n i,j"1 , so that we clearly have CpUF q " C u pUF q. The comultiplication is again determined by ∆pu ij q " ř n k"1 u ik b u kj . The fusion rule for UF is more involved than the one for A o pF q. We have IrrpUF q " F2 , the free semigroup with two generators tg 1 , g 2 u and with unit e. Recall that F2 is equipped with an anti-multiplicative involution g Þ Ñḡ defined bȳ e " e,ḡ 1 " g 2 ,ḡ 2 " g 1 .
Then, we have u
If we focus on the case of h " g 1 , then the above rule becomes
Similarly we have
Note that u pg 1 q " U and u pg 2 q " U˚, and that tu pg 1 q , u pg 2 q u is the canonical generating set of IrrpA u pF qq. The above fusion rule tells us that the corresponding word length function τ is the same as the word length function of F2 using the generating set tg 1 , g 2 u.
Theorem 4.9. We have Ć pUF q C -tV P GL n pCq : V pF˚F q t " pF˚F q t V u and for the exponential weight w β on the dual of UF as in Example 1 we have SpecApUF , w β q " tV P GL n pCq : V pF˚F q t " pF˚F q t V, ||V || 8 ď β, ||V´1|| 8 ď βu.
Proof. It is straightforward to see that a non-zero character ϕ : PolpUF q Ñ C is in 1-1 correspondence with V P GL n pCq satisfying V pF˚F q t " pF˚F q t V , where V is given by V " pϕpu ijn i,j"1 . Note that if ϕ is a˚-character if and only if V is a unitary. The character ϕ preserves the fusion rules, so that a simple induction tells us that
, where n and m are the numbers of g 1 's and g 2 's in g, respectively. Note that the inequality 1 ď ||V || 8¨| |V´1|| 8 plays an important role in the induction procedure. SpecApUF , w β q -p Ă UF q C .
4.3.
The case of Sǹ . We recall the definition of Wang's free permutation quantum group Sǹ , cf. [24] . The C˚-algebra CpSǹ q is the universal C˚-algebra with the generators U " pu ij q n i,j"1 satisfying the relations (4.4)
ř n i"1 u ji for 1 ď j ď n, so that we clearly have CpSǹ q " C u pSǹ q. The co-multiplication on CpSǹ q is determined by ∆pu ij q " ř n k"1 u ik b u kj , 1 ď i, j ď n. From now on we suppose n ě 4. Then the fusion rule for Sǹ is the same as the one of SOp3q ( [2] ), which means that IrrpSǹ q " Z`, u p0q " 1, U " pu ij q n i,j"1 -1 ' u p1q and u
for s ě 1, cf. [3] . Note that due to the second relation in (4.4), the defining representation of Sǹ is not irreducible, but contains the trivial representation. But after decomposing it into irreducible representations it contains only one other representation which we denote by u p1q and which generates IrrpSǹ q. The associated length function is simply τ psq " s.
A character ϕ on PolpSǹ q is uniquely determined by its values on the generators v ij " ϕpu ij q, 1 ď i, j ď n. Due to the first set of relations in (4.4) we get v ij P t0, 1u, and then the second set of relations in (4.4) implies that V " pv ij q n i,j"1 is a permutations matrix, i.e., a matrix that has exactly one coefficient equal to one in each row and column, and all other coefficients are equal to zero. We see that all characters on Sǹ are hermitian and extend to characters on the universal C˚-algebra CpSǹ q. By appealing to [12, Theorem 3.11] and the fact that the weight w : x Sǹ Ñ p0, 8q is bounded below we have the following.
Theorem 4.11. The spectra associated to Sǹ coincide, we have
where S n denotes the n-th permutation group. In particular, we have S n " Ć pSǹ q C " Spec ApSǹ , wq.
5.
Beurling-Fourier algebras on SU q p2q and their finite dimensional representations
In this section we will investigate the second, more general scenario, namely examining finite dimensional representations on Beurling-Fourier algebras coming from the complexification structure of the underlying compact quantum group under the general philosophy that Beurling-Fourier algebras can detect the structure of complexification. Instead of developing the general theory we will focus on a special case, namely SU q p2q whose complexifications is SL q p2, Cq. More precisely we begin with an element π P sp C 0 pSL q p2, Cqq of the C˚-algebraic spectrum of C 0 pSL q p2, Cqq, i.e. π : C 0 pSL q p2, Cqq Ñ BpHq is an irreducible˚-representation for some Hilbert space H. By Proposition 2.1 we know that there is a corresponding SL q p2, Cq-matrix A P M 2 pBpHqq with the Iwasawa decomposition A " A c A d (Theorem 2.2). We recall the associated homomorphisms ϕ, ϕ c and ϕ d from PolpSU q p2qq into BpHq with the corresponding elements v, v c and v d as in the end of Section 2.4.1.
Proposition 5.1.
(1) For s P For s ě 1 we can apply use the fusion rule of SU q p2q for the conclusion. We check the case s " 1 as a demonstration. From the fusion rule we have
Note that we are using the same unitaries for the equivalences so that we actually get the equality
by looking at the first summand.
(2) This can be checked using fusion rule as above.
(3) Clear from the above.
The above Proposition 5.1 explains why it is enough to focus only on the case when A itself is a AN q -matrix. Furthermore, the irreducibility of the associated -representation π : C 0 pSL q p2, Cqq Ñ BpHq forces A to be of the form of A s for s P 1 2 Z`with the associated unital homomorphism ϕ s : PolpSU q p2qq Ñ M 2s`1 .
Before we proceed to the main result we need to understand more on irreducible AN q -matrices. For two AN q -matrices A P M 2 pBpHqq and B P M 2 pBpKqq we define A K B P M 2 pBpH b Kqq, which is also an AN q -matrix ([20, Proposition 1.2]).
(2) Let A P M 2 pBpHqq and B P M 2 pBpKqq be AN q -matrices. Let ϕ A , ϕ B and ϕ A K B be the homomorphisms from PolpSU q p2qq associated to A, B and A K B, respectively with the corresponding elements v A , v B and v A K B . Then we have
Proof.
(1) We need to show the following unitary equivalence. » -
First, we recall that spec a d s " tq´s, q´s`1,¨¨¨, q s u. Since the left hand side is also a AN q -matrix acting on finite dimensional Hilbert space it must be decomposed into a direct sum of the irreducible ones. Thus, the comparison of the spectrum of the p1, 1q-entry on both sides gives us the conclusion.
(2) We us the fusion rule again for the conclusion. The case t " 0 and t " 1{2 are trivial. We check the case of t " 1 as a demonstration. From the fusion rule and (2.1) we have
B q ' 1 Note that we are using the same unitaries for the equivalences so that we actually get the equality v where`a b˘q be the q-binomial coefficients given bŷ a b˙q " for some constant C q depending only on q. This gives us the upper bound we wanted.
For the lower bound we consider the restriction down to one of the diagonals. First, we observe that ϕ s pPolpSU q p2Ď L 2s`1 , where L n is the subalgebra of M n consisting of lower triangular matrices. The advantage of the range of ϕ s being lower triangular matrices is that the canonical projection Combining all the above we get the main result of this section.
Theorem 5.4. Let w β be the exponential weight on the dual of SU q p2q from Example 1. Then, the transferred homomorphismφ s is (completely) bounded on ApSU q p2q, w β q if and only if |q|´s ď β. Moreover, we have spC 0 pSL q p2, Cqq -spCpSU q p2qqˆď βě1 tA s : s P 1 2 Z`,φ s is bounded on ApSU q p2q, w β qu.
Remark 5.5.
(1) If we apply a similar argument using the fusion rule as in the character case, then we get the upper bound. Note that the above estimate involves t instead of s, which is not the conclusion we wanted. (2) In general we do not know the exact formula of v ptq ϕs except the case of s " 1{2. That is the main technical difficulty we have.
